Computer Science Technical Report

Fault Tolerant Ring Embedding in Tetravalent Cayley Network Graphs^∗

Premkumar Vadapalli and Pradip K Srimani Department of Computer Science Colorado State University Ft. Collins, CO 80523

Computer Science Department Colorado State University Fort Collins, CO 80523-1873

Phone: (970) 491-5792 Fax: (970) 491-2466 WWW: http://www.cs.colostate.edu

�To appear in Journal of Circuits, Systems and Computers

Fault Tolerant Ring Embedding in Tetravalent Cayley Network Graphs^∗

Premkumar Vadapalli and Pradip K Srimani Department of Computer Science Colorado State University Ft. Collins, CO 80523

Abstract

Our purpose in the present paper is to investigate the structural properties of the newly proposed Cayley networks of constant node degree 4. We show that the graph contains rings of maximal length in presence of multiple faults. Our results provide further evidence to the usefulness and robustness of these network graphs.

1 Introduction

Cayley graphs have drawn considerable interest in the recent past for designing interconnection networks because of many desirable properties like low diameter, low degree, high fault tolerance etc. Cayley graphs are based on permutation groups and include a large number of families of graphs, like star graphs [AK89, AK87], hypercubes [BA84], pancake graphs [AK89, QAM94] and others [Sch91, DT92]. All Cayley graphs are regular, but almost none of the Cayley graphs studied so far offer constant node degree (where node degree does not change with size or dimension of the network). There are a number of applications where we need such constant degree networks; in VLSI design we need

�To appear in Journal of Circuits, Systems and Computers

them for area efficient layout [CAB93]; there are applications where the computing nodes can have only a fixed number of I/O ports[SP89]. Constant degree network graphs are of considerable practical importance since De Bruijn graphs are being used for designing a 8096 node multiprocessor at JPL for the Galileo project [Pra91]. There exist graphs in the literature with bounded node degree; most popular among them are De Bruijn graphs [PR82], Moebius graphs [LS82], and Cube-Connected Cycles [PV81]. Most of these graphs, except Cube-Connected Cycles, are not regular and they offer low vertex connectivity (fault tolerance); for example, almost all nodes in a De Bruijn graph have a node degree of 4 while the vertex connectivity of the network is only 2. Recently authors in [VS96] have developed a new family of Cayley graphs of constant degree 4 where they have shown that the graph is regular, has a logarithmic diameter and has a vertex connectivity 4 (thus, maximally fault tolerant); an optimal routing algorithm has also been developed. It is to be noted that these graphs seem to be similar to butterfly network with wraparound [ABR90]. Note that Cube-Connected Cycles are also regular Cayley graphs, but the graphs T CN_n in [VS96] have a higher vertex connectivity (hence higher fault tolerance) and it accommodates a larger number of nodes than cube-connected cycle graph for the same diameter.

Our purpose in the present paper is to further investigate the topological properties of these tetravalent Cayley networks (we call T CN_n). Specifically, it is important to be able to simulate cycles of different lengths. Embedding of rings of maximal lengths is essential to run parallel algorithms developed for arrays and vectors. The presence of a Hamiltonian in T CN_n shown in [VS96, Sto87]. An important related question is “is a cycle of length N − c, where N is the number of nodes in the graph and c is a constant, contained in the graph, in the presence of a single arbitrary faulty node”. The question is answered affirmative for hypercubes [CL91]; we do not know of any constant node degree graph with that property. We develop structural properties of T CN_n, enumerate cycles of different lengths in T CN_n, show that T CN_n always has a Hamiltonian and then show that the graph T CN_n (where N = n × 2^n) does contain a cycle of length N − 2 in presence a single arbitrary node failure and a cycle of length at least N − 4 in presence of two arbitrary node failures. Thus, we show that the graph T CN_n is not only an attractive alternative to De Bruijn graphs for VLSI implementation in terms of regularity and greater fault tolerance without additional cost, but also is competitive with hypercubes in terms of embedding fault tolerant rings of maximal length.

2 Tetravalent Cayley Networks T CN_n

Tetravalent Cayley Networks T CN_n is defined as a graph on n × 2^n vertices for any integer n, n ≥ 3; each vertex is represented by a circular permutation of n symbols in lexicographic order where each symbol may be present in either uncomplemented or complemented form. Let t_k, 1 ≤ k ≤ n denote the k-th symbol in the set of n symbols (we use English alphabets as symbols; thus for n = 4, t_1 = a, t_2 = b, t_3 = c and t_4 = d). We use t^∗_k to denote either t_k or t̄_k. Thus, for n distinct symbols, there are exactly n different cyclic permutation of the symbols in lexicographic order and since each symbol can be present in either complemented or uncomplemented form, the vertex set of T CN_n (i.e. the underlying group Γ) has a cardinality of n.2^n (for example, for n = 3, the number of vertices in G_3 is 24; abc, cab, c̄ab are valid nodes while acb or bac are not). Let I denote the identity permutation t_1t_2 · · · t_n. Since each node is some cyclic permutation of the n symbols in lexicographic order, then if a_1a_2 · · · a_n denotes the label of an arbitrary node and a_1 = t^∗_k for some integer k, then for all i, 2 ≤ i ≤ n, we have a_i = t^∗_{(k+i) mod n+1}. The edges of T CN_n are defined by the following four generators in the graph:

g(a_1a_2 · · · a_n) = a_2a_3 · · · a_na_1 f(a_1a_2 · · · a_n) = a_2a_3 · · · a_nā_1 g^{−1}(a_1a_2 · · · a_n) = a_na_1 · · · a_{n−1} f^{−1}(a_1a_2 · · · a_n) = ā_na_1 · · · a_{n−1}

Remark 1 Figure 1 shows the proposed degree four Cayley graph T CN_3 of dimension 3. The set of four generators, Ω = {f, g, f^{−1}, g^{−1}} closed under inverse; in particular g is inverse of g^{−1} and f is inverse of f^{−1}; thus the edges in T CN_n are bidirectional.

This graph T CN_n, n ≥ 3 is regular with node degree 4, has a diameter ⌊^{3n}_2 ⌋ (logarithmic in number of nodes) and is maximally fault tolerant (vertex connectivity is 4); see [VS96] for the details as well as an optimal routing algorithm.

Figure 1: Example Graph for n = 3 (24 nodes)

3 Fault Tolerant Ring Embedding in T CN_n

Since T CN_n is a Cayley graph, it is vertex symmetric [AK89], i.e., we can always view the distance between any two arbitrary nodes as the distance between the source node and the identity permutation by suitably renaming the symbols representing the permutations. Thus, in our subsequent discussion about the distance between a source node and a destination node, the destination node is always assumed to be the identity node I without any loss of generality.

Definition 1 [VS96] Consider an arbitrary node s = a_1a_2 · · · a_n in T CN_n. There exists an unique integer k such that a_k = t^∗_1. We define left distance D_L(s) and right distance D_R(s) of the node s

(from the identity node) as follows:

D_L(s) = 2(k − m_1 − 1) + (n − k + 1)

D_R(s) = 2(n − k − m_2) + (k − 1) where

m_1 = max_m {∃(i, j) | (1 ≤ j ≤ k) ∧ (1 ≤ i ≤ n − m + 1) ∧ a_ja_{j+1} · · · a_{j+m−1} = t_it_{i+1} · · · t_{i+m−1}} m_2 = max_m {∃(i, j) | (k ≤ j ≤ n) ∧ (1 ≤ i ≤ n − m + 1) ∧ a_ja_{j+1} · · · a_{j+m−1} = t_it_{i+1} · · · t_{i+m−1}} Then, we define the distance of the node s (from the identity node) as D(s) = min{D_L(s), D_R(s)}

Example 1: Consider the node s = fḡhijab̄cdē in T CN_{10} (the identity node is abcdefghij). Here, k = 6, since a_6 = “a” = t_1, m_1(s) = 3 (due to the substring “hij”), m_2(s) = 2 (due to the substring “cd”), D_L(s) = 9 and D_R(s) = 11. Hence D(s) = 9.

Theorem 1 [VS96] For an arbitrary node s = a_1a_2 · · · a_n in T CN_n, D(s^′) = D(s) ± 1, where s^′ = δ(s) and δ ∈ {g, f, g^{−1}, f^{−1}}.

Definition 2 Any cycle in T CN_n consisting of only the f-edges (induced by the symmetric functions f or f^{−1}) is called an f-cycle. Similarly, any cycle in T CN_n consisting of only the g-edges (induced by the symmetric functions g or g^{−1}) is called an g-cycle.

Theorem 2 All of the n.2^n nodes of T CN_n of dimension n are partitioned into vertex disjoint g-cycles of length n; number of g-cycles in T CN_n is 2^n.

Proof : Consider an arbitrary node v = a_1a_2 · · · a_n in T CN_n. For any i, i ≥ 1, let g^i(v) = g(g^{i−1}(v)), where g^1(v) = g(v). It is easy to observe that g^n(v) = v. Also, g^i(v) ≠ g^j(v) for 1 ≤ i, j ≤ n and i ≠ j. Thus, from an arbitrary vertex v if the g function is repeatedly applied, a cycle of length n is traced in the graph T CN_n. That these g-cycles are vertex disjoint follows from the fact that g(v_1) = g(v_2), if and only if v_1 = v_2. 2

Remark 2

• Consider the symbol set {t_1, t_2, · · · , t_n} for T CN_n. For all k, 1 ≤ k ≤ n, each g-cycle in T CN_n has a unique node starting with t^∗_k (either t_1 or t̄_1, but not both).

• For each g-cycle in T CN_n, the unique node starting with t^∗_1 is called the leader node. Since there are n symbols and the leader nodes start with t^∗_1 (either t_1 or t̄_1), there are 2^n leader nodes in T CN_n which is equal to the number of g-cycles in T CN_n.

• Consider an arbitrary leader node t^∗_1t^∗_2t^∗_3 · · · t^∗_n (of some g-cycle); each leader node maps to a n bit binary number by assigning 0 if t^∗_i = t̄_i and 1 if t^∗_i = t_i for 1 ≤ i ≤ n. This gives us a convenient way to number all the 2^n g-cycles in T CN_n from g_0 to g_2n_{−1}.

Theorem 3 For any arbitrary vertex v in T CN_n such that f(v) = u and g(v) = w, there exists a vertex x such that g(x) = u and f(x) = w; furthermore, the nodes v, u, w and x are all distinct and nodes u and x belong to the same g-cycle.

Proof : Consider an arbitrary vertex v = a_1a_2 · · · a_n. Then u = f(v) = a_2 · · · a_nā_1 and w = g(v) = a_2 · · · a_na_1. Choose the node x as x == g^{−1}(u) = ā_1a_2 · · · a_n. Thus, g(x) = u and f(x) = a_2 · · · a_na_1 = w. That these four nodes are distinct are also obvious from the fact that the different symbols in the nodes are distinct. 2

Corollary 1 Similarly, for any arbitrary vertex v in T CN_n such that f^{−1}(v) = u^′ and g^{−1}(v) = w^′, there exists a vertex x^′ such that g(u^′) = x^′ and f(w^′) = x^′; nodes v, u^′, w^′ and x^′ are all distinct and nodes u^′ and y^′ belong to the same g-cycle, but different from the g-cycle containing nodes u and y of Theorem 3.

Definition 3 Two g-cycles, say g_i and g_j, are said to be adjacent if there exists a vertex v ∈ g_i and a vertex u ∈ g_j such that v = f(u) or u = f(v).

Theorem 4 If two g-cycles g_i and g_j are adjacent, then there are two f-edges connecting g_i and g_j.

ȷȷ ȷȷ ȷȷ ȷȷ

ȷȷ ȷȷ ȷȷ ȷȷ

010(ab̄c) 011(ab̄c̄)

000(abc) 001(abc̄) 110(āb̄c) 111(āb̄c̄)

101(ābc̄) 100(ābc)

Figure 2: The reduced graph of T CN_3

Proof : Since g_i and g_j are adjacent, there exists a vertex v ∈ g_i such that f(v) = u, where u ∈ g_j. Let g(v) = w. Then by Theorem 3 f^{−1}(w) = y = g^{−1}(u); thus y is a node in g_j. Thus there are two f-edges between the two g-cycles g_i and g_j. 2

Theorem 5 Each g-cycle in T CN_n is adjacent to n different g-cycles.

Proof : Consider an arbitrary g-cycle with the leader v = a_1a_2 · · · a_n, where a_1 = t^∗_1. Now, f(v) = a_2a_3 · · · a_nā_1 = y_0 and the node y_0 belongs to the g-cycle with leader ā_1a_2a_3 · · · a_n. In general, consider the nodes y_i, 1 ≤ i < n, such that y_i = f(v_i) where v_i = g^i(v). We have y_i = f(a_{i+1}a_{i+2} · · · a_na_1a_2 · · · a_i) = a_{i+2}a_{i+3} · · · a_na_1a_2 · · · a_iā_{i+1}; this node y_i belongs to a g-cycle with the leader a_1a_2 · · · a_iā_{i+1}a_{i+2} · · · a_n. Obviously, the nodes y_i, 0 ≤ i < n, belong to different f-cycles (they have different leaders) and hence any g-cycle is adjacent to n different g-cycles in T CN_n. 2

Corollary 2 Consider a g-cycle g_i for a given i, 0 ≤ i < 2^n; i is a (n) bit binary number, say b_{n−1}b_{n−1} · · · b_0. Then the g-cycle g_i or g_{bn}�_{1bn}�_{1···b0} is adjacent to the following n g-cycles: g¯_{bn}�_{1bn}�_{1···b0} , g_{bn}�_1¯_{bn}�_{1bn}�_{2···b0} , · · ·, g_{bn}�_{1bn}�_{1···}¯_{b0} .

Definition 4 For a given T CN_n compute the reduced graph RG_n with respect to g-cycles in the following way: condense each g-cycle into a single node and label that node with the n bit binary number corresponding to the g-cycle (see corollary 2); connect two arbitrary vertices by an undirected edge iff the corresponding g-cycles are adjacent in T CN_n.

Figure 3: Combining two g-cycles to produce a larger cycle

Figure 4: Combining a g-cycle with 2 adjacent nodes to produce a cycle of length

n + 2

Remark 3 Figure 2 shows the reduced graph RG_3 corresponding to T CN_3. Each vertex in the reduced graph RG_n corresponding to T CN_n has a binary label of length n and has a degree n; its neighbors being all g-cycles whose labels are at a Hamming distance 1 from it by Corollary 2. Clearly, the reduced graph RG_n corresponding to T CN_n is a hypercube of order n [SS88].

Theorem 6 The reduced graph RG_n corresponding to T CN_n has a vertex connectivity n.

Proof : RG_n is a hypercube of dimension n; a hypercube of dimension n has a vertex connectivity n; see [SS88]. 2

Consider two arbitrary adjacent g-cycles, say g_1 and g_2. By Theorem 3, there exist nodes v, w ∈ g_1 and nodes u, y ∈ g_2 such that u = g(y) = f(v) and w = g(v) = f(y). A larger cycle can be constructed involving all nodes of g_1 and g_2 by using these two f-edges as shown in Figure 3. This, coupled with the facts that g-cycles in T CN_n are vertex-disjoint and each g-cycle is adjacent to exactly n distinct other g-cycles, immediately suggests a procedure to construct cycles in T CN_n of length k ∗ n, 1 ≤ k ≤ 2^n.

Remark 4 Given any g-cycle (of length n), one can choose any two consecutive nodes, and apply Theorem 3 to generate a cycle of length n + 2; see Figure 3. Thus, for two adjacent g-cycles, either we can combine the two g-cycles to generate a cycle of length 2n or we can combine one of the g-cycles with two nodes to generate a cycle of length n + 2.

Remark 5 Combining the above two remarks, we have can identify cycles in T CN_n of length kn + 2k^′ where k and k^′ are positive integers and k + k^′ ≤ 2^n.

Theorem 7 In presence of a single arbitrary faulty node the graph T CN_n contains a cycle of length N − 1, if n is odd and of length N − 2 if n is even, where N is the number of nodes in T CN_n, N = n2^n.

Proof : Let g^∗ be the g-cycle containing the faulty node; label the nodes in g^∗ as u_1, u_2, · · · , u_n and let u_1 be the faulty node without any loss of generality. The reduced graph RG_n without the g-cycle g^∗ is still connected and following the construction scheme discussed earlier, we have a cycle C of length N −n consisting of all other g-cycles. The fault-free nodes in g^∗ can now be paired as (u_2, u_3), (u_4, u_5), · · ·. Now, u_3 = g(u_2) and hence by Theorem 3, the nodes f(u_2) and f^{−1}(u_3) belong to the same g-cycle which is already in the large cycle C and hence the nodes u_2 and u_3 can be combined with C to produce a larger cycle of length N − n + 2 (Remark 4). We do the same for all the pairs. When n is odd, all fault free nodes of g^∗ can be combined while if n is even the last node u_n cannot be combined. Thus, the length of the resulting cycle is N − 1, if n is odd and is N − 2 if n is even. 2

Figure 5 shows the cycle of length 23 in T CN_3 when the faulty node is bac.

Theorem 8 In presence of two arbitrary faulty nodes the graph T CN_n contains a cycle of of length at least N − 4, where N is the number of nodes in T CN_n, N = n2^n.

Proof : The proof is very similar to that of the previous theorem. If both faulty nodes belong to the same g-cycle g^∗, we proceed as before to construct the large cycle containing all the rest of the g-cycles and then connect the non faulty nodes from g^∗ to the large cycle; if the faulty nodes are adjacent, the length of the resulting cycle would be either N − 2 or N − 3, depending on whether n is even or odd. If the faulty nodes are not adjacent, worst case length of the resulting cycle is N − 4. If the faulty nodes belong to two different g-cycles g^∗_1 and g^∗_2 respectively, we can treat each as a separate case like in the proof of the previous theorem. Note that the reduced graph RG_n is connected without the two g-cycles (connectivity of RG_n is n) and each node in any g-cycle is connected to two different nodes in two different g-cycles (by f and f^{−1} functions respectively). Thus, the argument is valid even when g^∗_1 and g^∗_2 are adjacent and the worst case length of the resulting cycle is N − 4. 2

Figure 5: Cycle in presence of single fault

4 Conclusion

We have investigated different topological properties of the newly proposed Cayley networks of constant degree 4. Specifically, we have identified the cycle structure in T CN_n, and showed that T CN_n contains a Hamiltonian. We have shown that T CN_n contains a cycle of length N − 2 (N = n2^n) in the presence of a single arbitrary faulty node and contains a cycle of length at least N − 4 in presence of two arbitrary faulty nodes. Thus, the Cayley networks T CN_n are robust in terms of embedding fault tolerant rings.

References

[ABR90] F. Annexstein, M. Baumslag, and A. L. Rosenberg. Group action graphs and parallel architectures. SIAM Journal on Computing, 19(3):544–569, March 1990.

[AK87] S. B. Akers and B. Krishnamurthy. The star graph: an attractive alternative to n-cube. In Proceedings of International Conference on Parallel Processing (ICPP-87), pages 393–400, St. Charles, Illinois, August 1987.

[AK89] S. B. Akers and B. Krishnamurthy. A group-theoretic model for symmetric interconnection networks. IEEE Transactions on Computers, 38(4):555–566, April 1989.

[BA84] L. Bhuyan and D. P. Agrawal. Generalized hypercube and hyperbus structure for a computer netwrk. IEEE Transactions on Computers, 33(3):323–333, March 1984.

[CAB93] C. Chen, D. P. Agrawal, and J. R. Burke. dBCube: a new class of hierarchical multiprocessor interconnection networks with area efficient layout. IEEE Transactions on Parallel and Distributed Systems, 4(12):1332–1344, December 1993.

[CL91] M. Y. Chan and S. J. Lee. Distributed fault tolerant embeddings of rings in hypercubes.

Journal of Parallel and Distributed Computing, 11(1):63–71, January 1991.

[DT92] K. Day and A. Tripathi. Arrangement graphs: a class of generalized star graphs. Information Processing Letters, 42:235–241, July 1992.

[LS82] W. E. Leland and M. H. Solomon. Dense trivalent graphs for processor interconnection.

IEEE Transactions on Computers, 31(3):219–222, March 1982.

[PR82] D. K. Pradhan and S. M. Reddy. A fault tolerant communication architecture for distributed systems. IEEE Transactions on Computers, C-31(9):863–870, September 1982.

[Pra91] D. K. Pradhan. Fault tolerant VLSI architectures based on de Bruijn graphs (Galileo in the mid nineties). DIMACS Series in Discrete Mathematics, 5, 1991.

[PV81] F. Preparata and J. Vuillemin. The cube-connected cycles: a versatile network for parallel computation. Communications of ACM, 24(5):30–39, May 1981.

[QAM94] K. Qiu, S. G. Akl, and H. Meijer. On some properties and algorithms for the star and pancake interconnection networks. Journal of Parallel and Distributed Computing, 22(1), July 1994.

[Sch91] I. D. Scherson. Orthogonal graphs for the construction of interconnection networks. IEEE Transactions on Parallel and Distributed Systems, 2(1):3–19, 1991.

[SP89] M. R. Samatham and D. K. Pradhan. The De Bruijn multiprocessor network: a versatile parallel processing and sorting network for VLSI. IEEE Transactions on Computers, 38(4):567– 581, April 1989.

[SS88] Y. Saad and M. H. Shultz. Topological properties of hypercubes. IEEE Transactions on Computers, 37(7):867–872, July 1988.

[Sto87] R. Stong. On Hamiltonian cycles in Cayley graphs of wreath products. Discrete Mathematics, 65:75–80, 1987.

[VS96] P. Vadapalli and P. K. Srimani. A new family of Cayley graph interconnection networks of constant degree four. IEEE Transactions on Parallel and Distributed Systems, 7(1), January 1996.